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Heating in Ballistic-Diffusive
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Exact assessment of self-heating is of great importance to the thermal management of
electronic devices, especially when completely considering the cross-scale heat conduc-
tion process. The existing simulation methods are either based on convectional Fourier’s
law or limited to small system sizes, making it difficult to deal with noncontinuum thermal
transport efficiently. In this paper, a hybrid phonon Monte Carlo diffusion method is
adopted to predict device temperature in ballistic–diffusive regime. Heat conduction
around the heat generation region and boundaries are simulated by phonon Monte Carlo
(MC) method, while the other domain is by Fourier’s law. The temperature of the hybrid
method is higher than that of Fourier’s law owing to phonon ballistic transport, and the
calculation efficiency of the hybrid method is remarkably improved compared with pho-
non MC simulation. Furthermore, the simulation results indicate that the way of model-
ing self-heating has a remarkable impact on phonon transport. The junction temperature
of the heat source (HS) scheme can be larger than that of the heat flux (HF) scheme,
which is opposite to the result under Fourier’s law. In the HS scheme, the enhanced
phonon-boundary scattering counteracts the broadening of the heat source, leading to a
stronger ballistic effect and higher temperatures. The conclusion is verified by a one-
dimensional analytical model. This work has opened up an opportunity for the fast and
extensive thermal simulations of cross-scale heat transfer in electronic devices and high-
lighted the influence of heating schemes. [DOI: 10.1115/1.4054698]

Keywords: self-heating, ballistic-diffusive heat conduction, hybrid Monte Carlo-diffusion
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1 Introduction

Owing to its advantages in high breakdown voltage and large
bandgap, the gallium nitride (GaN) high-electron-mobility transis-
tor (HEMT) is an excellent choice for high-voltage and high-
frequency power electronic devices [1,2]. The power improve-
ment in GaN HEMTs inevitably leads to huge power density
(>10 kW=cm2) [3] and elevated junction temperature, this self-
heating results in significant thermal bottlenecks of these devices
[4–8]. The typical structure of GaN HEMTs is shown in Fig. 1,
and its basic form is made of multilayer films. During operation,
heat is primarily generated in the channel layer under the drain
side edge of the gate [9], the width of the heat generation region is
of the order of 100 nm, while the thickness is of the order of 1 nm
[10–12]. The thickness of the channel layer is usually 1–3 lm,
whereas the thickness of the substrate is larger than 100 lm. It is
worth noting that the length and width of the channel layer can
reach the order of 1 mm. In this way, the generated heat will
spread from a small area to a much larger substrate, as the arrows
in Fig. 1 show. This phenomenon produces a multidimensional
temperature field and a conspicuous near junction resistance,

which is also known as thermal spreading resistance [13]. In addi-
tion, the thicknesses of the heat generation region, channel layer,
and substrate vary several orders of magnitude, resulting in a
cross-scale heat conduction process. Since it is a pivotal problem
in the heat transfer of HEMTs, accurate and efficient evaluation of
self-heating is critical to estimate the performance and assess the
reliability, as well as developing innovative thermal designs
[14–17].

Fig. 1 Schematic of GaN HEMTs
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Based on Fourier’s heat conduction law [18], a large amount of
work has been reported on the analyses of self-heating. Krane [19]
established analytical models for the temperature and thermal
resistance under the conditions of a concentric heat source on rec-
tangle channels. Then, Muzychka et al. [20] studied the cases of
eccentric and discrete heat sources, and Darwish et al. [21] inves-
tigated the effect of the substrate. Moreover, the model has been
expanded to consider the interfacial thermal resistance [22], the
anisotropy of thermal conductivity [23], the arbitrary number of
layers [24], and the temperature-dependent thermal conductivity
[25]. Recently, Pearson et al. [26] explored the accuracy of com-
mon assumptions made in GaN HEMT channel temperature ther-
mal analyses with an electrohydrodynamic model coupled with
Fourier’s law and provided modeling guidelines. In these papers,
self-heating is typically modeled as the surface heat flux on the
top boundary of the system, which we call the heat flux (HF) heat-
ing scheme, as Fig. 2(a) shows. However, directly adopting Four-
ier’s law to heat transfer in micro- and nano-scale electronic
devices will cause some errors [27–29]. Mean-free-paths (MFPs)
of phonons (the major heat carriers in semiconductors) for GaN
are approximately 100 nm to 10 lm [30–32], which are compara-
ble to the width of heat generation region and thickness of the
channel layer in GaN HEMTs. As a result, phonon ballistic trans-
port emerges [33,34], and ballistic–diffusive heat conduction
raises the junction temperature to be higher than the prediction of
Fourier’s law [35–38].

Efforts have been devoted to exploring the characteristics of
ballistic–diffusive heat conduction and accounting for phonon bal-
listic transport in the thermal analyses of electronic devices. Cao
and Li [39,40] studied the effective thermal conductivity of nano-
structures by nonequilibrium molecular dynamics simulations and
found that the results of the uniform heat source scheme are much
lower than those of the temperature difference scheme. Using
phonon Monte Carlo (MC) simulations, Hua and Cao [41]
obtained similar results and established a theoretical model for the
effective thermal conductivity in the internal heat source scheme.
Then, it is claimed that the models of the effective thermal con-
ductivities can be unified as a function of the Knudsen number
(ratio of phonon MFP to the characteristic length) and the shape
factor [42]. Recently, Hua et al. [43] investigated the heat dissipa-
tion of GaN HEMTs in ballistic-diffusive regime under the HF
heating scheme and demonstrated that there are two ballistic
effects affecting heat transfer: one is related to the cross-plane
Knudsen number and the other is related to the lateral Knudsen
number. These studies suggest that the geometric size and heating
scheme play a significant role in ballistic-diffusive heat conduc-
tion. However, subject to computational complexity and costs,

molecular dynamics or phonon MC is limited to small systems
and cannot simulate the cross-scale heat transfer process in real
electronic devices [44]. The hybrid method that combines the
accuracy of the micro- and nano-scale simulation techniques and
the simplicity of Fourier’s law is a promising way to overcome
this problem [45]. By solving phonon Boltzmann transport equa-
tion (BTE) in a small domain of the device channel and utilizing
Fourier’s law in the rest domain, Donmezer and Graham [10]
found that the hotspot temperature is higher when the ballistic-
diffusive transport effect is considered. Hao et al. [46] combined
phonon MC and Fourier’s law in a similar way to simulate two-
dimensional (2D) GaN HEMTs, then the method was applied to
more complex structures [47,48]. Chatterjee et al. [12] proposed a
phonon BTE—Fourier coupled thermal modeling to study the
interplay of heat concentration and ballistic effect. These reports
successfully simulate the heat transfer of GaN HEMTs in particu-
lar sizes, but detailed research of the junction temperature in sys-
tems with a relatively large size is still lacking. Moreover, these
works not only used a hybrid multiscale thermal simulation tech-
nique, but also employed electrical simulations to predict the heat
generation distribution. They reported a volumetric heat genera-
tion region with nonzero thickness, as shown in Fig. 2(b), which
we call the heat source (HS) heating scheme. The HS heating
scheme agrees better with electrical simulations than the HF
scheme and is expected to be more suitable for modeling self-
heating, but the difference between the HF scheme and HS
scheme in the calculation of temperature remains unclear, espe-
cially considering the fact that the heating scheme does affect
phonon transport in ballistic–diffusive heat conduction of
nanofilms.

In this paper, a hybrid phonon MC-diffusion method is
employed to study the self-heating in ballistic–diffusive regime.
By dividing the whole system and coupling phonon MC simula-
tion with Fourier’s law, the hybrid method is capable of character-
izing the heat transfer process as accurately as phonon MC
simulation while greatly scaling down the computational time,
facilitating the fast simulation of ballistic–diffusive heat conduc-
tion over a comprehensive size range. The validity of the hybrid
method is verified by comparison with experimental measure-
ments. Furthermore, the way of modeling self-heating is found to
have a remarkable impact on phonon transport, and the ballistic
effect in the HS scheme can be much stronger than that in the HF
scheme as the thickness of the heat generation region declines.
Parametric investigations and theoretical analyses claim that this
can be interpreted by the variation in the heat source spatial distri-
bution and phonon-boundary scattering. It is recommended to uti-
lize the HS scheme to model self-heating in GaN HEMTs.

Fig. 2 Two schemes of modeling self-heating: (a) the surface heat flux (HF) scheme and (b) the volumetric heat
source (HS) scheme
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2 Methods

The research objects of this work are shown in Fig. 2, which
are representative 2D simplified models for the heat dissipation
processes in GaN HEMTs. For the HF scheme shown in Fig. 2(a),
self-heating is modeled as a boundary heat flux condition with the
heat flux being qs and the length being Ls. As a contrast, the HS
scheme shown in Fig. 2(b) models self-heating as a volumetric heat
source in a rectangle region of size Ls � ts with a power dissipation
density of _Qs. The difference between the two heating schemes will
be investigated by numerical simulations as well as theoretical anal-
yses. Other boundary conditions are consistent with [43], namely,
fixed temperature T0 at the bottom boundary, adiabatic at the top
boundary, and periodic at the lateral boundaries.

The hybrid MC-diffusion method developed in Ref. [49] is
employed to characterize ballistic–diffusive heat conduction, as
shown in Fig. 3 where the HS scheme is taken as an example.
Based on the idea that ballistic transport mainly affects the regions
adjacent to the phonon source and boundaries when the system is
considerably large, the whole computational domain is divided
into three zones: the top MC zone that covers the heat generation
region and top boundary, the bottom MC zone that covers the bot-
tom boundary, and the middle diffusion zone. There are overlap
zones between the MC and diffusion zones to transfer information
and check convergence. The thicknesses of the top MC zone, bot-
tom MC zone, and overlap zone are denoted as ttopMC; tbotMC, and
to. Compared with the hybrid BTE-Fourier methods in Refs. [12]
and [46–48], there is an additional bottom MC zone, of which the
necessity will be explained in Sec. 3.1.

Phonon MC simulation and the finite element method (FEM)
based on Fourier’s law are coupled by an alternating technique in
the hybrid method. The flowchart of the hybrid method is illus-
trated in Fig. 4, which has the following procedures: (i) Initializa-
tion: Use the FEM to obtain the diffusive solution of the problem.
(ii) Phonon MC simulation: Use the heat flux obtained by FEM as
boundary conditions at the interfaces from the MC zones to the
diffusion zone and run phonon MC simulation. (iii) Middle diffu-
sion solution: Alternate the boundary temperature and heat flux at
the interfaces from the diffusion zone to the MC zones by the
results of MC simulations and run FEM. (iv) Hotspot temperature
refinement: Run the MC simulation again in the top MC domain
with the FEM-updated boundary temperature. (v) Convergence
judgment: If the temperature and heat flux distribution of phonon
MC and FEM converge to equality in the overlap zones, the calcu-
lation ends; otherwise it proceeds to (ii) and repeats.

In this paper, the gray-body approximation that assumes all
phonons have the same MFP (denoted as K) is used to simplify
the problem. With a proper and representative choice of the MFP,
the results of the gray-body approximation are in good agreement
with the results on account of phonon dispersion as well as experi-
mental measurements [50]. In-depth discussions about the effect
of phonon dispersion on the temperature of devices have been car-
ried out elsewhere [51]. Noting that the size of the region affected

by the phonon source or phonon absorbing boundary is around
one phonon MFP [35], the sizes of the MC zones and overlap zones
are set as ttopMC ¼ maxð2:0K; ts þ 1:5KÞ; tbotMC ¼ 2:0K; to ¼
1:0K [49]. Such settings obtain a pleasant balance between the cal-
culation accuracy and efficiency. The number of simulated phonon
bundles is 107, which is large enough to suppress the random error
originating from the statistical nature of MC simulation. Details of
phonon MC simulation and the hybrid MC-diffusion method can be
found in Refs. [37] and [49], respectively.

Based on Fourier’s law, it is suggested that accurate tempera-
ture prediction of GaN HEMTs requires modeling heat generation
by electrical simulations, establishing a three-dimensional numeri-
cal model, choosing representative thermal properties for each
composite layer of the device, considering thermal boundary
resistance (TBR), and employing physically reasonable Robin
boundary conditions [26]. Considering these factors does not qual-
itatively affect the influence of phonon ballistic transport and its
dependence on size parameters, but significantly increases the
complexity and solving cost of the problem. Since the aim of this
paper is to consider phonon ballistic transport in the prediction of
temperatures by a multiscale hybrid method and distinguish the
surface HF heating scheme from the volumetric HS heating
scheme, to simply the analyses and focus on what we are con-
cerned with, some assumptions are made, including using constant
heating power as at P ¼ Lsqs ¼ Lsts _Qs ¼ 0:2 W=m without elec-
trical simulations, modeling 2D systems, using material properties
at 300 K, adopting Dirichlet boundary condition with T0 ¼ 300 K.
It should be noted that the accuracy of the hybrid MC-diffusion
method in this paper is relative to phonon MC simulation and is
not influenced by these assumptions.

3 Results and Discussions

3.1 Validation of the Hybrid Monte Carlo-Diffusion
Method. At first, the performance of the hybrid MC-diffusion
method in modeling self-heating is examined. As furtherFig. 3 Schematic of the domain dividing

Fig. 4 Flowchart of the hybrid MC-diffusion method
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simplifications, the substrate material is assumed to be the same
as the channel material, and their interfacial TBR is also ignored.
In this way, phonon MC simulation can be implemented with
moderate computational costs and used as a benchmark. Self-
heating is modeled as the volumetric HS heating, as shown in
Fig. 2(b). According to the typical size of GaN HEMT, the four
geometry parameters in the test case are set as
KnL ¼ 0:01; Knt ¼ 0:2; KnL;s ¼ 1; Knt;s ¼ 10, in which Kn
denotes the Knudsen number. The dimensionless temperature
distributions predicted by the hybrid MC-diffusion method are
shown in Fig. 5(a). As a comparison, the results calculated by
the MC simulation and FEM are depicted in Figs. 5(b) and 5(c),
respectively. The dimensionless temperature is defined as
h ¼ ðT � T0Þ=ð _QsLstsR1D;0Þ where R1D;0 ¼ t=ðLkbulkÞ is the one-
dimensional (1D) diffusive thermal resistance in the HF scheme
[43]. The temperature distribution of the hybrid MC-diffusion
method is in reasonable agreement with that of the MC simula-
tion; they both predict longer and narrower hot areas and higher
peak temperatures than the FEM results, indicating that the
hybrid MC-diffusion method successfully characterizes phonon
ballistic transport.

To better reveal the accuracy of the hybrid MC-diffusion
method, the dimensionless temperature along the z direction at the
vertical symmetry line is drawn in Fig. 6. The temperature conver-
gence of the hybrid MC (HMC) and hybrid diffusion at the two

overlap zones is clearly demonstrated by the insets, the result of
the hybrid MC-diffusion method is hmax;hybrid ¼ 34:2, while the
value of the MC simulation is hmax;MC ¼ 34:9, and their relative
error is only about 2%. Compared to the FEM results, the temper-
ature profile of the hybrid MC-diffusion method is always higher,
even in the bottom MC zone (3K � z � 5K). Although the bottom
MC zone has a distance of more than 3K from the heat generation
region, since the system thickness is only a few phonon MFPs,
phonon-boundary scattering at the bottom boundary has played a
remarkable role, leading to a slight but obvious boundary temper-
ature jump [52]. Therefore, Fourier’s law fails at the regions near
the bottom boundary, and it is necessary to introduce the bottom
MC zone in the hybrid method to capture such a boundary none-
quilibrium phenomenon.

In addition, the temperature distribution at the top of the sys-
tem, which could be experimentally measured in a real HEMT
[12], is drawn in Fig. 7. As expected, the hybrid MC-diffusion
method agrees well with the MC simulation and predicts a consid-
erably higher temperature than FEM around the heat generation
region. Away from the heat generation region, the difference
between hybrid the MC-diffusion method and FEM fades out, and
the temperature can be calculated by Fourier’s law. It is worth
noting that most phonon movement and scattering occur near the
heat generation region, to which the vast majority of computing
resources are devoted under the energy-based variance-reduced
MC framework [53]. The area other than the heat generation
region contributes little to the computational cost, so the current

Fig. 5 Dimensionless temperature distributions calculated by: (a) hybrid MC-diffusion method, (b) MC simulation,
and (c) FEM. The sizes are KnL 5 0:01; Knt 5 0:2; KnL;s 5 1; Knt ;s 5 10.

Fig. 6 Dimensionless temperature at the vertical symmetry
line (KnL 5 0:01; Knt 5 0:2; KnL;s 5 1; Knt ;s 5 10). “HMC” and
“hybrid diffusion” denote the hybrid MC and hybrid diffusion,
respectively. The insets show the enlarged figures of the top
and bottom overlap zones with more nodes displayed.

Fig. 7 Dimensionless temperature at the top boundary
(KnL 5 0:01; Knt 5 0:2; KnL;s 5 1; Knt ;s 5 10)

011203-4 / Vol. 145, MARCH 2023 Transactions of the ASME



hybrid method lets the length of the top MC zone be the same as
the system length to simplify the iteration process.

More geometric structures are calculated to test the accuracy
and efficiency of the hybrid MC-diffusion method. Figure 8 illus-
trates the dimensionless junction temperature and computational
time of the hybrid MC-diffusion method varying with the system
thickness, while the other three geometry parameters are kept the
same. As a benchmark, the results of the MC simulation are also
given. It can be seen that the hybrid method has a much better effi-
ciency compared to the MC simulation without causing significant
deviation on hmax, and the computational time can be mostly
reduced by up to 2 orders of magnitude, from tens of thousands
seconds to hundreds of seconds. MC simulation could be an effi-
cient tool when Knt is relatively large, as its computation time
greatly decreases with Knt. For the hybrid MC-diffusion method,
since the main time-consuming process is the MC simulation in
the MC zones, the computation time is expected to be a constant
as the sizes of the MC zone are fixed, which is verified by the
nearly horizontal solid line in Fig. 8(b). The small oscillations are
due to the different number of iterations required for convergence.
It is recommended that for Knt > 0:2, there is no need to use the
hybrid MC-diffusion method because the MC simulation is fast
enough.

Then, the hybrid MC-diffusion method is used to simulate the
heat dissipation in a GaN-on-SiC device sample to test its per-
formance for more practical problems. The cross section of the
sample is similar to Fig. 1; it consists of a substrate layer of SiC, a
nucleation layer of AlN, a channel layer of GaN, and an insulation
layer of SiO2, of which the thicknesses are 350 l m; 50 nm;
2:1 l m, and 50 nm, respectively. The length and width of the sam-
ple are 7:5 mm. On the top of the insulation layer is an Au electrode
that acts as the heat source when energized, thus, the length of the
electrode determines the length of the heat source (Ls). Different
from the above calculations, the material difference and TBR are
taken into consideration to improve the accuracy of the simulation
[54]. The thermal conductivity of SiC is set to be 3 times to that of
GaN, and TBR is described by the diffuse mismatch model [55].
The boundary conditions are given temperature on the bottom side,
adiabatic on the other three sides. To capture phonon ballistic trans-
port and interfacial heat transfer, the top MC zone of the hybrid
MC-diffusion method includes the entire GaN layer and a region of
two phonon MFP thicknesses in the SiC layer. TBR is treated as
the phonon transmission and reflection interface condition [56,57].
Owing to the huge computational cost of simulating the SiC layer
whose thickness is close to the millimeter scale, phonon MC

simulation is nearly impossible and cannot be used to validate the
hybrid method. As an alternative, the simulation results are com-
pared with the experimental results in references.

The temperature distribution of the GaN-on-SiC sample looks
like the results shown in Fig. 5, the outline of the high-
temperature area is narrow and long under the action of thermal
spreading effect and ballistic effect. The main difference is that
isotherms become discontinuous at the interface, which is caused
by the TBR between GaN and SiC. The temperature discontinuity
at the material interface can be observed obviously in the tempera-
ture distribution along the vertical symmetry line, making the
channel peak temperature higher than the case without TBR. In
addition, the temperature gradients in the GaN layer and the SiC
layer are different as a result of different thermal conductivity.
The comparison between our simulated peak temperature and the
reported experimental data [12,58] is shown in Fig. 9, in which
the results are transformed into the ratio of the simulated/experi-
mental peak temperature to the ones predicted by FEM. Such a
ratio is deemed to directly reflect the effect of phonon ballistic
transport [11,41,43,58] as it avoids the possible errors caused by
other factors, like different device structures and material

Fig. 8 (a) Dimensionless junction temperature varying with Knt and (b) computational time varying with Knt

Fig. 9 The ratio of hmax varying with Ls. The experimental data
are extracted from Refs. [12] and [58].
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properties. The simulated and measured values of hmax=hmax;FEM

are all greater than 1, indicating the appearance of phonon ballis-
tic transport. Moreover, hmax=hmax;FEM increases with Ls decreas-
ing, which is consistent with the conclusion that a smaller heat
source length corresponds to a stronger ballistic effect [43]. The
qualitative agreement between the simulations and the experi-
ments verifies the validation of the hybrid MC-diffusion method
and the use of the HS scheme to model self-heating. The quantita-
tive deviation is probably due to the differences in phonon proper-
ties and heat source sizes. A more rigorous simulation by the
hybrid method will be conducted in the future, which is expected
to have better consistency with experiments.

3.2 Thermal Spreading Resistance of Different Heating
Schemes. With the help of the hybrid method, it is possible to
conduct in detail studies about the different ways of modeling
self-heating, including the cases with relatively large system
thicknesses. To avoid the impact of heating power on junction
temperature, the total thermal spreading resistance is introduced,
which is calculated using the average temperature rise of the heat
generation region [20]:

R ¼

ð
heating region

T � T0ð ÞdV

_QsLsts
(1)

The current problem involves four factors that may jointly deter-
mine the thermal spreading resistance: (1) the thermal spreading
effect that is associated with the system shape; (2) the cross-plane
ballistic effect that is controlled by the system thickness; (3) the
lateral ballistic effect that occurs because the width of the heat
generation region is comparable with the phonon MFP; and (4)
the ballistic effect that depends on the thickness of the heat gener-
ation region. Our previous work [43] investigated the effects of
the first three factors in the HF scheme and established a
semi-empirical thermal spreading resistance model as
RHF ¼ RF 1þ 2

3
Knt

� �
1þ ALKnL;sð Þ, which is dependent on L/t,

Ls=L, and Knt. In the HS scheme, when the thickness of the heat
generation region, ts, is comparable to the phonon MFP, the fourth
factor could produce a new kind of ballistic effect and affect the
thermal spreading resistance. Since our attention is given to the
dependence of phonon transport on Knt;s, all the calculations in
this section are conducted under the same values of Ls=L ¼ 0:01

and L=t ¼ 40 regardless of the material difference and TBR. As
mentioned in Sec. 3.1, for the cases of relatively large system
thicknesses (Knt � 0:2), the hybrid MC-diffusion method is uti-
lized; for the cases of relatively small system thicknesses
(Knt > 0:2), MC simulation is a preferable choice.

The dimensionless thermal spreading resistance, R� ¼ R=R1D;0,
varying with the system thickness is shown in Fig. 10(a), where
the results for Knt � 0:2 are more distinctly demonstrated in
Fig. 10(b). It is found that the heating scheme indeed plays an
important role in the thermal spreading resistance, and the influ-
ence is closely related to Knt. The dimensionless thermal resist-
ance based on Fourier’s law, R�FEM, is determined by the system
shape, which is controlled by Ls=L, L/t and ts=t, so it will not vary
with Knt, as the constant lines in Fig. 10 exhibit. When the heating
scheme changes, R�FEM varies with the heat source thickness. For
ts=t � 0:01, the dimensionless thermal resistance in the HS
scheme is R�FEM;HS � 33:5, which is almost the same as the value
of the HF scheme (R�FEM;HF ¼ 33:1). With ts=t rising, R�FEM;HS

declines. For example, R�FEM;HS ¼ 28:7 at ts=t ¼ 0:1 is about 10%
less than R�FEM;HF. The ts=t-dependent thermal spreading resistance
under Fourier’s law is attributed to the heat accumulation effect.
As ts=t decreases, heat dissipation is constrained to a thinner
region, and more accumulated heat produces a higher junction
temperature and larger thermal spreading resistance. When ts=t is
small enough, say ts=t � 0:01, the heat generation region can be
approximately viewed as a “line.” As a result, R�FEM;HS approaches
R�FEM;HF.

In ballistic-diffusive regime, ballistic effect amplifies the ther-
mal spreading resistance; thus, the symbols in Fig. 10 lie above
the lines. Considering the ts=t dependence of R� in Fourier’s law,
Knt;s is not explicitly exhibited because Knt;s ¼ Knt

ts=t. For
Knt ¼ 0:01, the thickness is so large that most phonons are trans-
ported diffusively, and R� of the hybrid MC-diffusion method
compares favorably to the FEM solutions. As Knt advances, pho-
non ballistic transport appears and the dimensionless thermal
spreading resistances are greater than the results of FEM, but the
strength of ballistic effect is associated with ts=t. The thinner the
heat generation region is, the earlier the results of the hybrid MC-
diffusion method depart from those of FEM. As presented in
Fig. 10(b), for ts=t ¼ 0:001, the hybrid method exceeds the FEM
solution at Knt ¼ 0:02, but for ts=t ¼ 0:1, the departure takes
place at Knt ¼ 0:05. Furthermore, the difference between the HS
scheme and HF scheme also differs as Knt alters, especially in the
range of Knt � 0:2. For Knt ¼ 0:01; R�HS with ts=t � 0:01 is

Fig. 10 Dimensionless thermal spreading resistance varying with Knt: (a) 0:01 £ Knt £ 10 and (b) enlarged at
0:01 £ Knt £ 0:2. (Ls/L 5 0:01; L/t 5 40).
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almost the same as R�HF. For Knt ¼ 0:02; R�HS with ts=t ¼ 0:001 is
slightly larger than R�HF. When Knt increases to 0.05, R�HS with
ts=t ¼ 0:005 also surpasses R�HF. For Knt ¼ 0:1, the transcendence
of R�HS with ts=t ¼ 0:01 over R�HF emerges. For Knt ¼ 0:2; R�HF

only corresponds to R�HS with ts=t ¼ 0:05. As Knt continues to
increase, the profile of R�HF gets lower. Figure 10(a) displays that
R�HS with ts=t ¼ 0:1 is comparable to R�HF after Knt > 1. It is illus-
trative that R�HF is no longer the upper bound on R�HS as the ballistic
effect strengthens, which is in contrast with what is observed under
Fourier’s law.

In order to clarify the influence of the heating scheme on pho-
non ballistic transport, the thermal spreading resistance ratio,
r ¼ RHybrid=MC=RFEM, is introduced as we did in Fig. 9, and the
results are illustrated in Fig. 11. Here, RHybrid=MC denotes the ther-
mal spreading resistance calculated by the hybrid method (for
Knt � 0:2) or MC simulation (for Knt > 0:2). All the results are
larger than 1, and the values move upward as Knt increases, indi-
cating the appearance of phonon ballistic transport. It is empha-
sized that even for relatively large system thicknesses
(Knt � 0:2), ballistic effect cannot be ignored, as r in Fig. 11(b) is
definitely greater than 1. Taking the HS scheme with ts=t ¼ 0:001
as an example, r � 1:2 at Knt ¼ 0:05 means that using FEM pro-
duces an error of 20% in this case. Figure 11 also reveals that the
heating scheme adjusts the strength of ballistic effect. In the HS
scheme, cutting down ts=t raises r, and the r profile of the HF
scheme gradually becomes lower than the results of the HS
scheme with ballistic effect enhancement. For Knt ¼ 0:01; rHF

approximately equals rHS with ts=t � 0:01. For Knt ¼ 0:05; rHF is
between the values of rHS with ts=t ¼ 0:01 and rHS with
ts=t ¼ 0:05. For Knt > 1, even rHS with ts=t ¼ 0:1 is kind of
higher than rHF. Figure 11 proves that reducing the thickness of
the heat source yields a stronger ballistic effect, making it possible
to overtake the strength of ballistic effect in the HF scheme.

To more directly compare ballistic effect in the HS scheme and
the HF scheme, we calculate the ratio of rHS to rHF and get the
results displayed in Fig. 12. Starting from 1, the values of rHS=rHF

increase with increasing Knt, demonstrating again that the HS
scheme is able to generate a stronger ballistic effect compared to
the HF scheme. A thinner heat generation region will accelerate
this process of enlargement. For instance, with ts=t ¼
0:001; rHS=rHF has been evidently greater than 1 at Knt ¼ 0:1;
however, with ts=t ¼ 0:1, the excess of rHS=rHF on 1 does not turn
up until Knt is beyond 1. There are even some places where
rHS=rHF < 1, say, ts=t ¼ 0:1 and Knt ¼ 0:2.

3.3 Analyses of the Effects of the Heating Scheme. Accord-
ing to the results in Sec. 3.2, it is fair to conclude that the heating
scheme does have a powerful impact on the thermal spreading
resistance, and the HS scheme with a thinner heat generation
region induces stronger phonon ballistic transport than the HF
scheme. The findings can be explained as the change in the rela-
tive intensity of phonon-boundary scattering at the top boundary.
In the HF scheme, heat is generated at the top heat flux boundary,
all the motivated phonons move downward, and they have no
chance of suffering the scattering of the top boundary unless
intrinsic phonon-phonon scattering takes place. However, in the
HS scheme, heat is generated inside the system, and the initial
phonon movement direction is spatially isotropic. Statistically
speaking, half of the phonons go upward after emitting. Since the
heat generation region is near the top boundary, almost all
upward-moving phonons travel to the top boundary in a ballistic
way and suffer phonon-boundary scattering instead of phonon-
phonon scattering, which sharply curtails their effective MFPs. As
a consequence, the effective thermal conductivity is reduced

Fig. 11 Thermal spreading resistance ratio varying with Knt: (a) 0:01 £ Knt £ 10 and (b) enlarged at 0:01 £ Knt £ 0:2.
(Ls/L 5 0:01; L/t 5 40).

Fig. 12 Ratio of rHS to rHF varying with Knt (Ls/L 5 0:01;
L/t 5 40)
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[39–41], and the thermal resistance is improved. A greater Knt;s is
supposed to reinforce this kind of heat-source-thickness-related
ballistic effect. When the heating scheme changes from HF to HS,
on the one hand, the transform of a line heat source to a rectangle
heat source diminishes the heat accumulation effect, which is
helpful to decrease the thermal spreading resistance; on the other
hand, the enhanced scattering at the top boundary provides more
boundary confined effects on phonon transport, which raises the
thermal spreading resistance. The difference between rHS and rHF

is a balance of the two mechanisms. For Knt ¼ 0:01, phonon-
phonon scattering is sufficient to mask the influence of phonon-
boundary scattering, and the heat generation region thickness has
little effect on the thermal spreading resistance, so rHS=rHF � 1. As
Knt increases, the proportion of phonon-boundary scattering
increases, and the Knt;s-dependent phonon ballistic transport begins
to take effect, resulting in rHS=rHF > 1. A small heat generation
thickness such as ts=t ¼ 0:001 boosts Knt;s to be much larger than
1, and rHS=rHF > 1 has been visible after Knt � 0:05 in Fig. 12.
Raising ts=t weakens the Knt;s-dependent phonon ballistic transport
and delays the point where rHS=rHF > 1 happens. In some particu-
lar cases where the thermal resistance reduction caused by the
thicker heat source covers the enlargement by the strengthened
phonon-boundary scattering, rHS=rHF could be less than 1, as the
result of ts=t ¼ 0:1 and Knt ¼ 0:2 in Fig. 12 exhibits.

To test the validity of the analysis, a model about rHS=rHF is
established. Disregarding the material difference and TBR has
reduced the difficulty of deriving an analytical solution. For the
purpose of focusing on the Knt;s-dependent ballistic effect, Ls=L is
set to 1 to avoid the interference of the thermal spreading effect
and heat-source-width-dependent ballistic effect. Under this con-
dition, the problem degenerates to 1D heat conduction with a
small heating region, and phonon BTE can be analytically solved
with some approximations. Considering the heat is conducted in
the z direction, the 1D form of phonon BTE is written as

vg;z
@f

@z
¼ f0 � f

s
þ _SX; 0 � z � ts (2a)

vg;z
@f

@z
¼ f0 � f

s
; ts � z � t (2b)

Here, vg;z ¼ vg cos h in which h is the angle between the phonon
traveling direction and the z direction, and vg, f, f0, s, and _SX
denote the phonon group velocity, phonon distribution function,

equilibrium distribution function, relaxation time and phonon
source per solid angle, respectively. To solve Eq. (2), the distribu-
tion function is divided into two parts, f ¼ fs þ fd [41], in which fs

is the source-induced part that will be solved by the two-flux
approximation and fd is the diffusive part that will be solved by
the differential approximation. After a series of mathematical der-
ivations, we have

r1D;HS ¼
R1D;HS

R1D;HS;FEM

¼ 1þ
2
3
þ b

1� 2
3

a
Knt ¼ 1þ a � Knt (3)

in which a ¼ ts=t; b ¼ Knt

24a exp �2 1þa
Knt

� �
� exp �2 1�a

Knt

� �
þ 2

h i
þ

Kn2
t

48a2 exp �4 a
Knt

� �� 1
� �

. Equation (3) indicates that the thermal

resistance ratio can be expressed as a function of the shape factor
a and the Knudsen number Knt [42]. For the HS scheme, it is

reported that r1D;HF ¼ 1þ 2
3

Knt [43]. Thus, we have

r1D;HS=r1D;HF ¼
1þ aKnt

1þ 2
3

Knt
(4)

Equation (4) implies that the magnitude relationship between a
and 2

3
decides the value of r1D;HS=r1D;HF. Within the range of

ts=t 2 ½0:001; 0:1	, it is always true that b> 0 and a > 2
3
. Conse-

quently, the effect of phonon ballistic transport in the HS scheme
is more conspicuous than that in the HF scheme.

The results of rHS=rHF in 1D cases calculated by the hybrid
MC-diffusion method or MC simulation are depicted in
Fig. 13(a). The original results of Eq. (4) have some quantitative
differences with the simulation results, which is probably pro-
posed by the approximations used in the derivation, like dividing
the distribution function, selecting the boundary condition for
ballistic-diffusive heat conduction and adopting the differential
approximation. To modify the model, we calculate the
specific values of b in Eq. (3) by comparing with the simulation,
and the obtained results are drawn in Fig. 13(b). b is found to
increase with Knt, and a smaller ts=t leads to a larger b.
Moreover, the linear fitting of lnðKntÞ agrees well with the simula-
tion results so that b can be predicted by the fitting functions.
Using the fitted values of b, the current model does a reasonably
good job of matching the simulation, as the lines in Fig. 13(a)
shows.

Fig. 13 (a) Ratio of rHS to rHF varying with Knt in 1D cases and (b) the modified values of b
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Although b needs to be modified quantitatively, the expression

that a ¼
2
3
þb

1�2
3
a

helps to understand the difference between the HS

scheme and the HF scheme. The denominator “1� 2
3

a” reflects

the variation of heat source thickness; a greater a ¼ ts=t means
heat is generated in a wider region, the deviation from a “line”
heat source is more apparent and a is larger. The numerator

“2
3
þ b” reflects the combination of two kinds of phonon ballistic

transport, involving the cross-plane ballistic transport represented

by “2
3
” and the heat-source-thickness-dependent ballistic transport

represented by “b” (b is explicitly dependent on Knt;s ¼ Knt=a).
The division operation uncovers that there is a tradeoff between
the heat accumulation effect and the Knt;s-related ballistic effect.
In the limit case of no thickness heat source (a¼ 0) and no heat-
source-thickness-dependent ballistic effect (b¼ 0), Eq. (3) gives

a ¼ 2
3
, reproducing the results of the HF scheme. With the benefits

of agreeing with electrical simulations and capturing phonon bal-
listic transport more comprehensively, the HS scheme is con-
cluded to be a better way of modeling self-heating in electronic
devices than the HF scheme.

4 Conclusion

In this work, a hybrid phonon MC-diffusion method is applied
to simulate self-heating in ballistic-diffusive regime for GaN
HEMTs. By setting the MC zones that cover the heat generation
region and the boundaries, the hybrid MC-diffusion method cap-
tures the elevated junction temperature and the recognizable
boundary temperature jump, which are caused by phonon ballistic
transport and cannot be observed by Fourier’s law. Compared
with phonon MC simulation, the hybrid method reduces the com-
putational time up to 2 orders of magnitude at most, while the
temperature relative error is less than 5%, which facilitates the
fast simulation of ballistic-diffusive heat conduction in relatively
large systems (Knt � 0:2). The performance of the hybrid MC-
diffusion method is also verified by the qualitative consistency
between the simulations and the reported experiments.

The simulation results suggest that the way of modeling self-
heating has a significant impact on phonon transport: the volumet-
ric HS scheme corresponds to a higher junction temperature and
thermal spreading resistance than the surface HF scheme as long
as Knt is large enough, and a thinner heat generation region thick-
ness reinforces this deviation. For Knt � 0:2, ballistic effect in the
HF scheme is roughly equivalent to that in the HS scheme
with ts=t ¼ 0:05; for the greater Knt, the HS scheme even with
ts=t ¼ 0:1 can yield stronger ballistic effect than the HF scheme.
The simulation findings are supported by an analytical model
based on the 1D phonon BTE.

The dependence of the temperature on the heating scheme is
attributed to the relative strength of phonon-boundary scattering
in phonon transport. In the diffusive regime, phonon-phonon scat-
tering dominates heat transfer, and the thermal resistance in the
HF scheme works as the upper bound of that in the HS scheme
since it has the thinnest heat source. However, in the cases where
ballistic effect cannot be ignored, phonon boundary scattering at
the top boundary in the HS scheme is more intense than in the HS
scheme and strengthens with ts=t, which results in stronger ballis-
tic effect as well as higher junction temperature. The volumetric
HS scheme is supposed to reflect the self-heating in GaN HEMTs
better, as it agrees with the electrothermal simulations and repro-
duces the experimentally observed failure of Fourier’s law.
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